Modeling Strombolian eruptions of Karymsky volcano, Kamchatka, Russia by Ozerov A. et al.
Modeling Strombolian eruptions of Karymsky volcano,
Kamchatka, Russia
A. Ozerov a, I. Ispolatov b;c;, J. Lees d
a Institute of Volcanology, Russian Academy of Science, Petropavlovsk-Kamchatsky 683006, Russia
b Departamento de Fisica, Universidad de Santiago de Chile, Av. Equador 3493, Santiago, Chile
c Department of Chemistry, Cornell University, Ithaca, NY 14853, USA
d Department of Geological Sciences, University of North Carolina, Chapel Hill, NC 27599-3315, USA
Received 18 June 2002; accepted 2 December 2002
Abstract
A model is proposed to explain temporal patterns of activity in a class of periodically exploding Strombolian-
type andesite volcanoes. These patterns include major events (explosions) which occur every 3^30 min and subsequent
tremor with a typical period of 1 s. This two-periodic activity is thought to be caused by two distinct mechanisms of
accumulation of the elastic energy in the moving magma column: compressibility of the magma in the conduit and
viscoelastic response of the almost solid magma plug on the top. A release of the elastic energy occurs during a stick^
slip dynamic phase transition in a boundary layer along the walls of the conduit ; this phase transition is driven by the
shear stress accumulated in the boundary layer. The intrinsic hysteresis of this first-order phase transition explains the
long periods of inactivity in the explosion cycle. Temporal characteristics of the model are found to be qualitatively
similar to the acoustic and seismic signals recorded at Karymsky volcano in Kamchatka.
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1. Introduction
A wide variety of types of volcanic activity ex-
ists : from devastating explosions separated by
calm periods of many years or even centuries to
a steady continuous outpouring of magma. In this
paper we study mechanisms that give rise to a
Strombolian-type volcanic activity, which is some-
where between these two extremes. The Strombo-
lian-type activity is common for volcanoes with
viscous andesite magmas and is characterized by
regularly repeated explosions (10^400 per day)
followed by relatively calm periods. Often in the
course of a longer explosion, the gas and ash
emission exhibits audible and visible modulations
with a rather robust period of about 1 s. These
modulations, often found on the seismograms of
Strombolian-type eruptions (see, for example,
Chouet et al., 1999), received a special name,
‘chugging’ (Benoit and McNutt, 1997), because
they resemble a periodic noise produced by a
steam engine. An example of a volcano exhibiting
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such activity, we consider Karymsky volcano on
Kamchatka peninsula in the far east of Russia.
We believe that these Strombolian-type erup-
tion patterns are caused by peculiarities of the
motion of the magma column and propose model
that describes the magma motion in a volcanic
conduit as a creep £ow of viscoelastic compressi-
ble medium with shear-stress-dependent boundary
conditions. We show that the dynamics of the
model indeed exhibits two levels of quasiperiodic
behavior and resembles the eruption patterns of
the Strombolian-type volcanoes both on long and
short timescales. The physical transparency of the
suggested model allows us to derive equations ex-
pressing the typical eruption timescales through
the material properties of the magma and geomet-
rical characteristic of the conduit.
Our paper is organized in the following way:
¢rst, we brie£y describe geological aspects and
seismo-acoustic observations of the most recent
1
2
3
4
5
6
7
8
9
10
11
12
13
14
N 0 1 km
Fig. 1. Map of Karymsky volcano according to Hrenov et al. (1982) with the additions of the authors. 1. Karymsky caldera.
2. Summit double crater. 3. Modern loose deposits on the cone. 4^13. Lava £ows by dates: 4. 1600?^1800?; 5. 1908?^1935?;
6. 1963^1965; 7. 1970; 8. 1971; 9. 1976; 10. 1978; 11. 1979; 12. 1980; 13. 1996^2000. 14. Location of the insert on the map of
Kamchatka peninsula.
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eruption of Karymsky volcano (1996^2000).
Then, after referring to the existing explanations
of Strombolian-type activity, the model is for-
mally introduced. We derive simple analytical ex-
pressions for a dormant time, a duration of ex-
plosion, and a typical period of tremor, and then
present a numerical solution to a system of dy-
namical equations describing the motion of the
magma column. The paper is concluded with a
discussion of results and possible directions for
further studies.
2. The Karymsky eruption of 1996^2000
Karymsky volcano (Figs. 1^3), located in the
Fig. 2. The summit of Karymsky volcano during the 1996^2000 eruption. Bombs and ash are ejected from the southern (the
front) part of the crater. The lava £ows from a clearly visible e¡usive bocca, located 80 m below the crater. The photo is taken
during a longer explosion when a higher-intensity initial stage is followed by tens of seconds of a lower-intensity ash and steam
ejection. Photo by A. Ozerov.
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central part of the East Kamchatka volcanic belt,
is one of the most active volcanoes in far-eastern
Russia. It is a typical andesite stratovolcano com-
posed of a 7700^7800-year-old caldera V5 km in
diameter (Hrenov et al., 1982) and a more recent
cone which started growing in the central part of
the caldera about 5300 years ago and at present
(September 2000) is V700 m high. The cone is
composed of accumulated lava and pyroclastic
materials ; the elevation of the summit is 1549 m
above sea level. The most recent Karymsky erup-
tion began in January 1996 and entered a lull
phase in December 2000; the previous eruption
lasted from 1970 to 1982 (Ozerov, 1997; Fedotov
et al., 2001). Generally, Karymsky activity can be
characterized as e¡usive^explosive: each eruption
consisted mostly of discrete quasiperiodic gas and
ash bursts which sent plumes 100^1000 m above
the crater rim (Figs. 2 and 3). In the lower part of
the eruption column, hot volcanic bombs up to
2 m (rarely up to 5 m) in size were frequently ob-
served. The bombs were dense, angular, and had
shell-like fracture. On the surface of some bombs,
noticeable extrusive tracks were found; they were
scratched on the very viscous moving magma by
the protruding parts of the magma channel. Ash
and steam clouds have been observed extending
downwind for 10^50 km, rarely 100^200 km. Dur-
ing particularly strong explosions, the eruption
column collapsed causing pyroclastic £ows. An
active part of the crater (Fig. 2), formed during
the 1996^2000 eruption, widened from 90 m in
1996 to 190 m in 2000, A lava £ow ¢eld, produced
by the very viscous magma, runs down the south-
western slope of the cone and reaches a length of
V1.4 km and width of V100^200 m (Fig. 3).
Even during the periods of highest activity, the
advancement of the lava £ows was very slow
(few meters per day).
From the aerophotogrammetry and ash collec-
tion data, the total volumes of pyroclastic and
e¡usive materials deposited on the cone of Kar-
ymsky during the eruption of 1996^2000 are esti-
mated to be 0.0274 and 0.0229 km3, respectively
(Fedotov et al., 2001). Eruptive products, which
include lava, volcanic bombs, and ash, predomi-
nantly consist of andesite, usually of black and
dark gray color. Plagioclase (up to 3^5 mm) is
the most abundant phenocryst phase (20^25%),
pyroxene and olivine (2^3 mm) are generally sub-
ordinate (less than 1%). A major oxide composi-
tion averaged over six samples from the 1996^
Fig. 3. A powerful explosive eruption from the summit crater of Karymsky volcano, September 9, 1998, view from the west. The
height of eruptive column is V500 m. The traces of rolling volcanic bombs are clearly visible on the slopes of the volcano. Pho-
to by A. Ozerov.
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2000 eruption is listed below (weight percent) :
SiO2 ^ 61.54, TiO2 ^ 0.86, Al2O3 ^ 16.67, Fe2O3
^ 2.43, FeO ^ 5.12, MnO ^ 0.11, MgO ^ 1.99,
CaO ^ 5.31, Na2O ^ 3.69, K2O ^ 1.58, P2O5 ^
0.25.
The feeding system of Karymsky volcano was
studied by various methods, including gravity sur-
veys, aeromagnetic surveys, photogrammetry,
seismology and geodesy (Zubin et al., 1971; Ma-
gus’kin et al., 1982; Shirokov et al., 1988). De-
spite slight discrepancies in the estimates of the
depth of the upper border of the magma chamber
and its size, these data agree that underneath the
Karymsky volcano in the close proximity to the
surface there exists a magma chamber. The upper
border of this chamber is a few kilometers below
sea level. The diameter of the magma chamber is
estimated to be between 1.5 and 7 km. A magma
channel of a diameter of 100^200 m leads from
the magma chamber to the summit crater.
3. Dual periodicity of the Karymsky eruption
A distinctive feature of Karymsky eruptions is
its rather robust periodicity which is observed on
two timescales. An explosion, and a following
quiet period, de¢ne the ¢rst period of activity
which varied between 3 and 30 min and some-
times extended up to 1 h. An explosion itself
can start either abruptly or gradually (Fig. 4)
and proceed according to one of the following
scenarios: during shorter explosions, the activity
decays quickly and monotonously (in less than 10
s), while the longer explosions (20^40 s, rarely
1 min) may contain intervals of relatively high
Fig. 4. Typical acoustic signal of a period of activity of Karymsky volcano.
VOLGEO 2567 18-2-03
A. Ozerov et al. / Journal of Volcanology and Geothermal Research 122 (2003) 265^280 269
and low activity. Often during longer (s 20s) ex-
plosions, the intensity of the acoustic and seismic
signals emitted by the volcano exhibits chugging,
i.e. modulations with a typical period of V1 s.
The chugging de¢nes the second, shorter period in
the cyclic activity of the volcano. A typical chug-
ging event consists of 10^20 cycles (Fig. 4). The
explosion is followed by a quiet interval charac-
terized by a complete lack of any activity in the
crater and usually lasting much longer than the
explosions themselves. Similar temporal patterns
have also been observed during previous Karym-
sky eruptions. (Tokarev and Firstov, 1967; Far-
berov et al., 1983).
Detailed seismic and acoustic studies of Karym-
sky volcano were conducted in 1997^1999 by
three Russian^US expeditions. The acoustic sig-
nals presented in Fig. 4 were recorded on August
21, 1997 using a set of infrasound microphones.
For a more complete description of the seismic
and infrasound recordings at Karymsky the read-
er is referred to Johnson et al. (1998), Johnson
(2000), and Johnson and Lees (2000).
4. Existing models of eruption periodicity
Currently there is no single well-established
view of the mechanism that causes periodic pat-
terns in Strombolian-type eruptions. Below we
mention several possible explanations of origins
of the periodicity. Lees and Bolton (1998) com-
pared the eruption process to steam exhaust from
a hydrodynamic system with a non-linearly con-
trolled exhaust valve resembling a pressure cook-
er. Manga (1996) suggested that the periodicity is
caused by the segregation of ascending bubbles
into waves, as in a pint of Guinness beer. Julian
(1994) proposed a mechanism of non-linear hy-
drodynamic oscillations in the ascending magma
£ow. Jaupart and Vergniolle (1989) suggested that
oscillations are caused by periodic collapse of a
bubble foam trapped in pockets of the magma
chamber. Recently, there appeared a paper by
Denlinger and Hoblitt (1999) where an ad hoc
hysteresis model was developed to describe the
periodic behavior of silicic volcanoes. However,
a self-consistent explanation for both long- and
short-time periodicity with extended calm periods
exempli¢ed in the activity of Strombolian-type
volcanoes is still missing. Our model, based on
a viscoelastic hydrodynamical description of the
motion of the magma column with shear-stress-
dependent boundary conditions, accounts for
both timescales.
5. The model
Let us ¢rst qualitatively discuss the motion of
magma in the conduit. Since the temperature and
pressure in the magma column decrease with the
height, the viscosity of magma increases rapidly in
the upper part of the conduit. Inspecting eruption
products ejected onto the surface, it is natural to
deduce that at the very top of the column the
magma is almost solid. However, deeper parts
of the magma column are still hot and much
less viscous. Given this signi¢cant di¡erence in
rheological properties of the upper and lower sec-
tions of the magma column, we introduce the fol-
lowing idealization: the moving magma is consid-
ered as consisting of two distinct uniform parts:
long lower part (LP) and short upper part (UP).
To simplify the model even further, we assume
that the viscosity of the magma in the LP is neg-
ligible compared to the viscosity of the UP. If
necessary, the viscosity of the LP can be approx-
imately taken into account by increasing the ef-
fective viscosity of the UP. We also assume that
there is a constant supply of fresh magma to the
bottom of the LP. Unlike the LP, magma in the
UP is cold and viscous; in addition, as any media
near the liquid^solid transition point, it possesses
a certain degree of elasticity. Because of the small
length (and therefore, volume) of the UP com-
pared to the LP (V100 m vs. V5 km), the rela-
tive contribution of the UP to the compression of
the whole magma column is minor and can be
neglected. In summary, we consider a long cylin-
drical tube ¢lled with a non-viscous compressible
media, fed at the bottom with a constant velocity
and a short viscoelastic plug (UP) on the top. As
the viscosity of the LP is assumed to negligible,
the boundary conditions for the LP are irrelevant;
the boundary conditions for the UP are controlled
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by a local value of the shear stress in the vicinity
of the cylinder wall. When the boundary shear
stress is low, the plug ‘sticks’ to the cylinder
wall and the boundary velocity is zero. As the
shear stress increases, the magma near the wall
undergoes phase transition (shear thins) to a
much less viscous liquid state, and the boundary
layer of the plug slips along the walls of the
channel. This shear-induced phase transition hap-
pens when the viscoelastic state with the non-zero
shear modulus becomes thermodynamically less
stable than a pure liquid state with zero shear
modulus. Phenomenologically, the transition be-
tween stick and slip boundary conditions for the
very viscous body is similar to the e¡ect of dry
friction, where a motion begins only when a driv-
ing force exceeds some threshold value (Persson,
1999, chapter 8).
Qualitatively, a cycle of the system evolution
can be described as follows: when the pressure
in the compressible LP of the column is low, the
shear stress c in the plug is much smaller than the
threshold phase transition value cslip, and the ve-
locity of the UP is much less than the feeding
velocity V0. The di¡erence in feeding and plug
velocities results in the growth of the pressure of
the compressible magma in LP which, in its turn,
increases the shear stress in the plug. This stage
corresponds to the dormant period between ex-
plosions. When the shear stress in the boundary
layer of the UP exceeds the critical value cslip, the
stick^slip phase transition occurs and the plug
begins to move. This corresponds to the appear-
ance of visible signs of a volcanic explosion.
Depending on the parameters of the model, the
further evolution of the system proceeds accord-
ing to one of the following two scenarios. For
certain conditions, a relaxation of the viscoelastic
deformation accumulated in the UP can result in
a low, or even reverse, velocity of the boundary
layer of the UP relative to the walls of the con-
duit. If these conditions persist for su⁄cient time,
they can cause a drop of the shear stress below
the slip^stick transition critical value cstick, which
in turn can give rise to the reverse, slip^stick tran-
sition. However, the stick state will be very short-
lived, since the accumulated excessive pressure in
the LP and oscillatory motion of UP will result in
the immediate increase of the boundary shear
stress and a new stick^slip transition. The length
of a period of such coupled viscoelastic stick^slip
process is controlled by the density, the elastic
modulus, and the characteristic time of the phase
transition. In the second scenario, sticking does
not occur during short periodic viscoelastic oscil-
lations of the UP, and the period of these oscil-
lations is roughly equal to that of a freely oscil-
lating elastic membrane with mixed boundary
conditions. Either of these oscillation processes
can cause the short-period modulation (V1 s)
of the activity of the volcano.
During the active phase, the velocity of the UP
is much higher than the feeding velocity V0, which
results in an expansion of the LP and a decrease
of pressure under the UP. When the pressure
under the UP drops so that the shear stress in
the UP is below the slip^stick threshold value
cstick, a ‘long-term’ sticking of the plug occurs,
and the system enters a new quiet period. Because
of the hysteresis (cstick6cslip) associated with the
¢rst-order nature of the stick^slip transition, it
takes some time to build enough pressure for a
new explosion to begin. This cycle corresponds to
the second, longer period (3^30 min) in the dy-
namics of eruption.
Although simple in nature, this model is based
on solid hydrodynamics and thermodynamics
principles, qualitatively explains both scales of pe-
riodicity of Karymsky volcano and does not con-
tradict the observations. Below a formal analysis
of the dynamics of the model is presented.
Let us consider a cylinder (LP) of radius R and
length L, ¢lled with an ideal non-viscous compres-
sible medium fed from the bottom with constant
velocity V0. The top of LP ends with a short
viscoelastic plug (UP) of length l, lIL (Fig. 5).
The velocity ¢eld in the UP, of density b and
driven by pressure P and stress tensor cij, is de-
scribed by the Navier^Stokes equation:
b
Dvj
Dt
¼ 3DP
Dxj
þ Dc ij
Dxi
ð1Þ
Because of the high viscosity and the low veloc-
ity of magma in the UP, the non-linear (convec-
tive) term is omitted. To account for the visco-
elastic properties of the UP we use the simple
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linear Maxwell model (see, for example, Bird et
al., 1987), with a characteristic memory time dm :
dm
Dc ij
Dt
¼ 3c ij þ Reij ð2Þ
Here R is the dynamic viscosity, and eijrDvi/
Dxj+Dvj/Dxi is the shear rate tensor. Incompressi-
bility condition for the magma in the UP reads:
X3
i¼1
Dvi
Dxi
¼ 0 ð3Þ
For simplicity, we assume that the motion of
the plug is axially symmetric and select the z di-
rection of our cylindrical coordinate system par-
allel the axis of the cylinder directed along the
magma £ow. Also, we consider the pressure gra-
dient constant through the UP and being equal to
3P0/l, where P0 is a pressure at the bottom of the
UP. Using Eqs. 2 and 3, the Navier^Stokes equa-
tion (Eq. 1) can be transformed to:
b
DVzðr; tÞ
Dt
¼
P0ðtÞ
l
þ R
dm
Z t
exp 3
t3t0
dm
 
vrVzðr; t0Þ dt0 ð4Þ
Here Vz is the z component of the velocity of
the plug averaged over the plug length, vr D2/
Dr2+(1/r)(D/Dr) is the radial part of the Laplacian
operator in cylindrical coordinates.
From the conservation of mass of the compres-
sible media in the LP, it follows that the pressure
P0 on the bottom surface of the UP and the ve-
locity of the UP are related as:
VðtÞ3V 0 ¼
3LL
dP0ðtÞ
dt
; VðtÞr2
Z R
0
Vzðr; tÞr dr=R2 ð5Þ
where Lr31/w(Dw/Dp)T is the compressibility (iso-
thermal) of the media in the LP (w is the volume),
and V(t) is the velocity of the UP Vz(r,t), averaged
over the radial coordinate.
To complete the description of the dynamics of
the system, Eqs. 4 and 5 must be complemented
by boundary conditions for the velocity on the
conduit walls, Vz(r=R,t). These boundary condi-
tions are controlled by the kinetics of the ¢rst-
order phase transition driven by the value of the
shear stress c ðtÞrc rzðt;RÞ near the wall and are
written in a general mixed form (Shore et al.,
1997):
VzðR; tÞ ¼ 3Ri ðtÞDVzðr; tÞDr jr¼R ð6Þ
The quantity Ri(t) is usually called a ‘slipping
length’. Its value shows at what distance inside
the wall the linearly extrapolated velocity becomes
zero. For i(t) = 0 the boundary conditions for the
velocity are ‘stick’, i.e. Vz(R,t) = 0; for i(t)s 0 the
boundary layers of the UP ‘slip’ along the walls of
the cylinder with some ¢nite velocity, Vz(R,t)s 0.
The time evolution of the dimensionless slip-
ping length i(t) is determined from the time-de-
pendent Ginzburg^Landau equation, which is the
LP
l
L
V
UP
V(r,t)
R
0
z
Fig. 5. Sketch of the magma conduit.
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most simple description of relaxation of a system
with a ¢rst-order phase transition:
dGL
di
dt
¼ 3dF
di
ð7Þ
where Ginzburg^Landau dGL sets a phase transi-
tion timescale. Qualitatively, Eq. 7 shows how
a system with the ¢rst-order phase transition
evolves from an unstable to the stable or a meta-
stable phase, which correspond to a minimum of
the free energy F. The rate of evolution depends
on the local steepness of the free energy well dF/
di and the timescale dGL. The free energy F(i) is
a usual double-well potential with a tilt depending
on the value of the shear stress c ðtÞ on the
boundary of the UP. Since the exact form of the
potential wells plays very little role in the dynam-
ics of the system, we choose for F(i) a double-
parabola potential as the most simple suitable
form of a double-well potential with ¢xed posi-
tions of both minima, i=0 (stick) and i=i0
(slip) :
Fði Þ ¼ i
2; i6i 0
ði3i 0Þ23h; ivi 0

ð8Þ
Here h is a tilt parameter; matching point iP
is determined from continuity requirement for
F(iP), iP= (i203h)/2i0. To determine h and to
illustrate how Eqs. 7 and 8 work, let us consider
a typical stick^slip cycle. We go around a hyste-
resis curve shown in Fig. 6. When the shear stress
c ðtÞ is small and growing (line I), the boundary
condition is ‘stick’ and stationary, i=dF/di=0.
As the shear stress exceeds the critical value cslip,
the double-parabola topples, i=0 seizes to be
even a local maximum of F(i), and i(t) starts
moving towards i0 with the rate V2i0/dGL
(line II). After i reaches i0, the boundary con-
dition becomes ‘slip’ and stationary again, and the
shear stress starts decaying (line III). After c ðtÞ
drops below cstick, the double-parabola topples in
the other way, this time i=i0 seizes to be even a
local maximum of F(i), and i relaxes to 0 (line
IV). The state I corresponds to the dormant peri-
od, the state III corresponds to the explosion
without intermediate sticking; the transition inter-
vals II, IV are usually very short (VdGL). For the
double parabola F(i) to topple when the shear
stress c attains the slip and stick values, cslip
Fig. 6. Hysteresis curve I^II^III^IV for the stick^slip and the slip^stick transitions. Inserts show typical sketches of F(i) for all
branches of the curve.
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and cstick, the free energy tilt parameter h must be
linearly related to c :
h ¼ i 20
2c
c slip3c stick
3
c slip þ c stick
c slip3c stick
 
ð9Þ
Similar to Eq. 4 for the velocity, in the frame-
work of the Maxwell model the shear stress c ðtÞ
is expressed as a convolution of a shear rate
DVz(r,tP)/Dr with an exponentially decaying memo-
ry function exp (3(t3tP)/dm):
c ðtÞ ¼ R
dm
Z t
exp 3
t3t0
dm
 
DVzðr; t0Þ
Dr
jr¼R dt0 ð10Þ
Eqs. 4^10 completely de¢ne the dynamics of
our model. A very similar set of equations was
derived by Shore et al. (1997) for the physically
equivalent model of polymer extrusion. Because
of the strong non-linearity of Eq. 7, a complete
analytic solution of these equations is impossible.
We refer readers to Shore et al., 1997, for a de-
tailed description of a linear stability analysis of
this system. Contrary to a stable £ow, a dynam-
ical regime corresponding to volcanic activity is
strongly unstable and non-linear. However, large
separation of characteristic timescales allows us to
give analytic estimates of both short (V1 s) and
long (3^30 min) periods of the temporal behavior
of the model.
Let us ¢rst look at the shortest timescale which
corresponds to small oscillations of the UP when
it slips along the conduit walls without intermedi-
ate sticking. For this timescale the pressure
changes are negligible. Dynamics of the UP is
described by Eq. 4 with P0 = constant and is
equivalent to the damped oscillation of an elastic
circle membrane with the mixed boundary condi-
tions (Eq. 6). Generally, the lowest harmonic is
excited the most, so we seek a solution in a form:
Vzðr; tÞ ¼ V 0 e3ig t J0 rRV
 	
ð11Þ
where V is a number of order one which de-
pends on the slipping length i via the equation
J0(V) = J1(V)Vi. Here J0 and J1 are the zero- and
¢rst-order Bessel functions. After plugging Eq. 11
into Eq. 4 and disregarding the constant pressure
term, we obtain the following dispersion relation
for the oscillating UP:
g ¼
3i
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4
V 2Rdm
R2b
31
s
2dm
ð12Þ
This yields for a period Tosc of not too over-
damped UP oscillations (ToscEdm):
ToscW
2ZR
V
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
bdm
R
r
ð13Þ
Taking into account a commonly used relation
between the Maxwell time dm, viscosity R, and
shear modulus G, dmWR/G (see, for example,
Webb, 1997), we observe that Eq. 13 reduces to
a usual expression for a period of small free os-
cillations of an elastic membrane:
ToscW
2ZR
V
ﬃﬃﬃﬃ
b
G
r
ð14Þ
This gives the estimate for the tremble (or chug-
ging) period. Now we go to much longer time-
scales, TE{Tosc,dm} and look ¢rst at the steady
state UP boundary shear stress :
c ¼ DVzðrÞ
Dr
jr¼R
Since this timescale is much greater than the
elastic memory time dm, the viscoelastic term
in Eq. 4 is relaxed to a usual viscous term,
RvrVz(r,t). For a steady state, the average over
the conduit cross-section velocity V(t) must be
equal to V0. Solving the Navier^Stokes equation
for a steady laminar £ow with viscosity R in the
channel of radius R with the velocity V0 and the
slipping length i, we obtain c for the shear stress
near the wall :
c ¼ 4V 0R
R
1
1þ 4i ð15Þ
It immediately follows that in order for stick^
slip repeating cycles to happen, the ‘stick’ steady
state shear stress (c for i=0) should be greater
than cslip and ‘slip’ steady state shear stress (c for
i=i0) should be less than cstick. These condi-
tions imply that for the feeding velocity V0 :
c slipR
4R
6V 06
c stickRð1þ 4i 0Þ
4R
ð16Þ
Besides the steady state properties, we can also
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evaluate characteristic times between the stick^
slip and the slip^stick phase transitions, i.e. dura-
tion of the dormant and the explosive periods.
Assuming that these times are much longer than
both Tosc and dm, we again disregard all memory
e¡ects in the viscous term in Eq. 4 and consider
the £ow inertialess by omitting the left-hand-side
term DVz(r,t)/Dt. After averaging the remaining
part of Eq. 4 over the cross-section of the £ow
and plugging it in Eq. 5, we obtain for an arbi-
trary slipping length i :Z tV 03Vðt0Þ
LLl
dt03
8RVðtÞ
R2ð1þ 4i Þ ¼ 0 ð17Þ
Combining the solution of this equation:
VðtÞ ¼ V 0 þ C e3t=t0 ; t0r 8R LLlR2ð1þ 4i Þ ð18Þ
with expressions for stick and slip velocity that
follow from Eq. 15, we obtain for dormant (Td)
and explosive (Te) times:
Td ¼ 8R LLlR2 ln
4RV 03c stickR
4RV 03c slipR
ð19Þ
T e ¼ 8R LLlR2ð1þ 4i 0Þ ln
c slipRð1þ 4i 0Þ34RV 0
c stickRð1þ 4i 0Þ34RV 0 ð20Þ
Together with Eq. 14 for the tremble period,
these expressions give analytic estimates for all
important timescales of eruption.
6. Numerical results
To check our analytical predictions and get an
overall view of the system dynamics, we solved
Eqs. 4^10 numerically. We used a simple Eulerian
¢nite-di¡erence scheme with a uniform radial grid
of 50^100 points. All the integrals are approxi-
mated by a trapezoid formula. Given that the
time step is su⁄ciently small to avoid von Neu-
mann-type instabilities, this simple di¡erence
scheme proved to be su⁄ciently robust.
We chose the numerical parameters to be in
general accordance with the literature (Murase
and McBirney, 1973; Hess, 1989; Borgia and Lin-
neman, 1990; Gri⁄ths and Fink, 1993; Bagdas-
sarov et al., 1994; Webb, 1997; Bagdassarov and
Dorfman, 1998) and with our estimate (Eq. 16) to
ensure the stick^slip motion pattern. Generally,
there is at least an order of magnitude uncertainty
in the numerical values of the parameters; hence
we do not attempt to prove that we are able to
predict the observed time periods (which them-
selves vary a lot in the course of an eruption)
with an exceptional precision. Rather, we select
the values of parameters in a reasonably accept-
able range to check if the analytic estimates (14,
19, 20) are con¢rmed by the numerical solution
which produces Tosc, Td, and Te close to the aver-
age observed timescales.
The following values were used:
Density b=2400 kg/m3
Dynamic viscosity R=109 Pa s
Conduit radius R=50 m
UP length l=100 m
LP length L=5 km
Compressibility L=4U10310 Pa31
Maxwell time dm =0.4 s
Ginzburg^Landau time dGL = 1033 s
Average velocity V0 = 2U1033 m/s
Slipping shear stress cslip = 105 Pa
Sticking shear stress cstick = 3U104 Pa
Dimensionless slipping length i0 = 10
With this choice of numerical parameters a no-
stick explosion takes place, during which the UP
moves along the walls of the conduit with the
constant slipping length iR until it ¢nally sticks
to the wall at the end of the explosion. For such
explosions a choice of phase transition time dGL
does not a¡ect the dynamics, given that it is
shorter than explosion time, dGLITe. On the
other hand, for numerical stability the phase tran-
sition time dGL should be not less than several
time steps, hence we chose dGL = 1033 s as indi-
cated above.
Plots of averaged over cross-section velocity
V(t) and pressure gradient vs. time are presented
in Fig. 7. The simulation results for dormant and
explosion times, as well as for short-term oscilla-
tion period, TsdW530 s, T
s
eW21 s, T
s
oscW0.69 s are
in good agreement with our simple analytical es-
timates, Td = 497 s, Te = 20 s, and Tosc = 0.69 s. To
calculate Tosc we have to solve the equation
J0(V) = J1(V)Vi, which for i=10 yields VW0.43.
For the stick boundary conditions (i=0),
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VW2.3; which gives for the period of oscillations
at the end of explosion cycle when UP is about to
stick to the walls ToscPW0.13, which is again in
very good agreement with the simulation data.
Another possible scenario for an eruption is that
during an explosion cycle the UP sticks to the
walls numerous times. It happens when the shear
stress at the wall, modulated by the free mem-
brane-like oscillations of the UP, drops below
the sticking value cstick, and the slip^stick phase
transition is su⁄ciently fast, dGLITosc. To simu-
late this regime, we increase the value of cstick
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Fig. 7. Time dependence of the spatially averaged UP velocity (solid line) and the rescaled pressure gradient (in 5U104 Pa/m,
dashed line).
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from 3U104 to 8.5U104 Pa and keep all other
parameters constant. The long-time dynamics,
characterized by the times Te and Td only slightly
changes since both of these times depend on cstick
only logarithmically. However, short-time dynam-
ics, previously described by decaying free oscilla-
tions with a period Tosc, changes radically and
becomes chaotic (Fig. 8).
A typical time separation between consecutive
velocity maxima (W0.3 s for the ¢rst three max-
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Fig. 8. Time dependence of the spatially averaged UP velocity V(t) (solid line) and the rescaled dimensionless slipping length
i(t)/500 (dashed line).
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ima in the bottom part of Fig. 8) becomes some-
what smaller than the free oscillation period
ToscW0.7. Qualitatively, it happens when during
an oscillation the velocity increases so that shear
stress drops below cstick, a sticking occurs that
results in a rapid decrease of velocity, so the os-
cillation is ‘truncated’ before it reaches its maxi-
mum. Another distinct feature of this regime is
that the short-time chaotic modulation of the
UP velocity continues through the whole explo-
sion phase, while in the non-sticking regime, the
oscillations decay after a few periods.
7. Discussion
In the previous sections we derived analytic ex-
pressions for all characteristic timescales of the
eruption dynamics: short timescale or the period
of trembling Tosc, dormant Td and explosive Te
times. We checked our analytic expressions by
performing numerical simulations using the rheo-
logical and geological parameters that ¢t reason-
ably well into their allowed ranges known from
the literature and give rise to results that are close
to the observed seismic and acoustic signals (Figs.
4, 7 and 8). It was found that the analytic esti-
mates for the timescales are well con¢rmed by the
simulation results. Hence in order to study the
dependence of the eruption timescales on the
magma and volcano parameters, instead of run-
ning computer simulations one can use simple ex-
pressions (Eqs. 14, 19 and 20). Among the param-
eters of the model which enter (Eqs. 14, 19 and
20), the UP length l and the slipping length i0
cannot be directly deduced from the literature or
the results of geological studies. Yet the complete
knowledge of viscosity pro¢le along the magma
conduit can in principle allow one to estimate l.
Similarly, laboratory experiments on stick^slip
transitions can provide information on the slip-
ping length i0 and the characteristic stick^slip
or slip^stick transition time dGL. Note that dGL
does not enter any of the expressions (Eqs. 14,
19 and 20). It indicates that this time is irrelevant
to the general dynamics of the system, given that
it is shorter than the shortest important timescale,
Tosc (which is usually ful¢lled by a large margin).
In other words, one can consider these phase
transitions instantaneous without a noticeable ef-
fect on the results. In the present work, our choice
of i0 and dGL was based on a common sense and
the values used in the polymer extrusion literature
(Shore et al., 1997). The feeding velocity restric-
tion (Eq. 16) is essential for the explosion^dor-
mant periodic regime of eruption. This condition
is somewhat similar to the condition of hysteresis
derived by Denlinger and Hoblitt (1999). If the
condition (Eq. 16) is satis¢ed, the dormant and
explosive times are given by Eqs. 19 and 20. Tak-
ing into account the viscosity of the LP will in-
crease the e¡ective viscosity of the UP R and
therefore, increase both of these times. The period
of chugging Tosc is well estimated by Eq. 14 for
both ‘sticking’ (Fig. 7) and ‘non-sticking’ (Fig. 8)
scenarios. We have not presented a criteria to
distinguish which of these scenarios takes place
for a given set of parameters. Yet such a criteria
would have been of a little value, as the sticking
on each cycle of chugging is very short-lived and
therefore more sensitive to the UP non-uniform-
ities than the long-term sticking for a dormant
period. The fact that chugging is present only
during some explosions reveals that its excitation
requires special conditions in the conduit ; the in-
teraction of moving magma with the conduit
walls probably playing the most important role.
Our model contains several rather strong ideal-
izations, such as splitting the magma column into
two vertically uniform parts, neglecting viscosity
of the lower part and compressibility of the upper
part, assuming cylindrical symmetry, and postu-
lating a constant support of magma from the
magma chamber. One can take into account
some of these neglected e¡ects by creating a
more elaborated model and studying it numeri-
cally; yet without these simpli¢cations the deriva-
tions of Eqs. 14, 19 and 20 would be impossible.
Given that the rheological parameters for magma
in the conduit and conduit geometry are usually
known not better than with an order of magni-
tude precision, the results of such pure numerical
simulation would be of little value, as it is virtu-
ally impossible to study the model numerically for
all admissible parameters.
Our main goal in this publication was to ex-
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plore a physical mechanism responsible for the
double-periodic volcanic activity; yet nothing
has been said about a generation of seismic and
acoustic waves themselves. The oscillating UP and
related pressure oscillations in the LP can cause
seismic waves either directly or act as a ‘pace-
maker’ for other processes. These processes can
include a stimulated emission of gases either
through creation and change of geometry of
cracks in the UP or via degassing of magma
under action of standing and running compres-
sion waves. Some seismic observations (Chouet
et al., 1999) suggest that the source of the ob-
served long-period signals corresponding to chug-
ging and even whole explosions is sequential pres-
surization^depressurization of the conduit due to
eruptive mass withdrawal and replenishment.
Since these mechanisms have a strongly non-line-
ar character, their coupling to the UP oscillation
can modify the oscillation period and decay pat-
terns. We leave consideration of these phenomena
for future study.
8. Conclusion
As a result of the visual, seismic, and acoustic
observations at Karymsky volcano, two scales of
temporal periodicity were observed in the eruptive
dynamics. First, the repetitive explosions which
produced the ash and gas clouds and volcanic
bombs in 3^30-min intervals, and secondly, the
periodic modulation of eruptive activity (chug-
ging) with a typical timescale of order 1 s. The
existence of these two scales of temporal period-
icity are not limited to the 1996^2000 eruption of
Karymsky volcano, similar timescales were ob-
served during previous Karymsky eruptions and
on other andesite volcanoes in the world.
A model of the motion of the magma column
was suggested that accounts for both timescales in
the eruption of Karymsky and other similar an-
desite Strombolian-type volcanoes. The model
is based on the hydrodynamical description of
the viscoelastic lava £ow and Ginzburg^Landau
theory accounting for stick^slip transitions in
magma near the conduit wall. Low- and high-fre-
quency periodicity is caused by two distinct ways
of accumulation of the elastic energy. The visco-
elastic properties of the magma in the upper part
of the conduit causes the high-frequency tremor,
while the bulk compressibility of the magma ex-
plains the low-frequency cycles. The shear-stress-
dependent stick^slip phase transition of the mag-
ma in the upper part of the conduit introduces the
hysteresis into the dynamics of the magma col-
umn motion and explains the non-harmonic na-
ture of the oscillations and long dormant periods
in the eruption dynamics. Physical simplicity of
the model allowed to obtain analytic estimates
for the long and short periods of the explosive
activity.
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